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Abstract 

The Databases associated with the real world problems are 
invariably contaminated with imprecision and inconsistency 
of data. Besides, the Knowledge base is found to contain 
pieces of knowledge, with doubtful certainty. Petri nets 
have been used to model knowledge base for many systems 
like computer systems, manufacturing systems etc. But 
these Petri nets do not have sufficient power to represent 
and handle approximate and uncertain information. Fuzzy 
logic has been successfully applied to these petri nets 
called, Fuzzy Petri nets (FPN), to model systems which can 
handle uncertainty effectively. The study of uncertainty in 
the events and change of time can be represented in the 
FPN. In this paper, fuzzy petri nets and associated structural 
problems of rule base are explained. 
Keywords: Fuzzy Logic, Fuzzy Petri Nets, Rule Base. 

1. Introduction 

In classical logic, the conditions available for 
determination are either true or false. This imposes 
limitations on both decision making and human logic 
capabilities. Fuzzy logic uses the capabilities 
intervening between 0 and 1 and it relies on the 
studies of fuzzy set. Fuzzy sets deal with 
neighborhood of numbers. In the process of decision, 
the acceptability of the condition is active, when a 
certain interval is active. Fuzzy logic helps in some 
operations and elements which are basic in giving 
decision about the system. The functioning 
membership determines the resulting behavior of the 
system. These can be in triangle, trapezoid or 
nonlinear. 
 

Petri Net cannot deal with fuzzy events 
directly. These Petri Nets has to be modified 
according to system requirements. So Fuzzy Petri Net 

is helpful in the composition of properties by 
combining Petri Nets and fuzzy logic. FPN’s as the 
subset of Petri Nets are used for the investigation of 
fuzzy system behavior. Petri Nets empower the 
performance of FPN in concurrent, synchronous, 
asynchronous, parallel and non-deterministic and 
distributed processing. Thus, FPN’s is an effective 
tool for the representation of uncertain knowledge 
about a system state.  In the coming sections, Petri 
Nets and Fuzzy Petri Nets are briefly explained. 

 2. PETRI NETS 

Petri nets are graphical and mathematical modeling 
tools applicable to many systems.  They are a 
promising   tool for describing and studying    
information processing systems that are characterized 
as being concurrent, asynchronous, distributed, 
parallel,   nondeterministic and/or   stochastic. As a 
graphical   tool, Petri nets can be used as a visual-
communication aid similar to flow charts, block 
diagram and networks.  In addition,   tokens are used 
in these nets to simulate the dynamic   and concurrent 
activities   of systems.  As a mathematical   tool, it is 
possible to set up state equations, algebraic equations,   
and other mathematical models governing the 
behavior   of systems. 

2.1 Transition Enabling and Firing 

A Petri Net is a particular kind of directed   graph, 
together with an initial state called the initial marking, 
Mo. The under- lying graph  N of a Petri net is a 
directed,  weighted,   bipartite graph  consisting   of 
two  kinds  of nodes,  called  places  and 
transitions, where  arcs are either  from  a place to a 
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transition or from  a transition   to a place.   
In graphical   representation, places are 

drawn as circles, transitions   as bars or boxes. Arcs 
are labeled with their weights   (positive   integers), 
where a k-weighted arc can be interpreted as the 
set of k parallel arcs. Labels for unity weight are 
usually omitted.  A marking (state) assigns to each 
place a non-negative integer.  If a marking assigns 
to place p a non-negative integer k, we say that p is 
marked with k tokens.  Pictorially,   we place k 
black dots (tokens) in place p. A marking is denoted   
by M, an m-vector, where m is the total number   of 
places. The pth component of M, denoted   by 
M(p),  is the  number   of tokens  in place p.  In 
modeling,   using the concept of conditions   and 
events, places   represent    conditions,     and   
transitions     represent events. A transition   (an 
event) has a certain number of input and output 
places presenting the pre-conditions and post- 
conditions of the event,   respectively. The 
presence   of a token   in a place is interpreted   as 
holding   the truth   of the condition    associated 
with   the place.  In another   interpretation,   k 
tokens   are put in  a place to indicate that k data 
items or resources   are available.   Some typical   
interpretations of transitions   and their input places 
and output   places are shown   in Table I. 
 
Table I: Some Interpretations of Transitions and 

Places 
 
 

 
 

 

2.2 Formal D e f i n i t i o n  of a Petri Net 

 
A Petri net is a 5-tuple,   PN = (P, T, F, 
W, Mo) where: 

P = {p"   P"   ...     , Pm}   is a finite   set of places, 

T = {t"   t2, …,tn}   is a finite   set of  transitions, 
F £; P  x  T)U (T   x  P)  is a set of  arcs (flow 
relation), 
W: F  -+ {1, 2, 3,  ...   }  is a weight   function, 
Mo: P -+ {0, 1 , 2, 3 ...} is the initial marking, 
P n T = 0 an d PUT    "* 0. 
A Petri net structure    N = (p, T, F, W) without    
any specific   initial marking    is denoted    by N. A 
Petri net with   the given   initial   marking    is 
denoted    by (N, Mo). 

 
The behavior o f  many systems can be described   
in terms of system states and their changes.  In 
order to simulate t he dynamic behavior   of a 
system, a state or marking   in a Petri nets is 
changed according   to the following    transition 
( firing) rule: 

• A transition   t is said to be enabled  if 
each input  place pof  tis marked  with  
at least w(p,  t)tokens,  where  w(p, t)  
is the  weight   of the  arc from  p to  t. 

• An enabled transition   may or ma y        
not    fi re (depending on whether   or 
not the event ac tual l y t a k e s  place). 

• A firing   of  an  enabled   transition    t  
removes   w(p,   t) tokens  from  each  
input  place p of t, and adds w(t, p) 
tokens  to each output   place p of t, 
where  w(t, p) is the weight   of the  arc 
from  t to p. 

 
A transition    without    any input   place i s  called 
a source transition,   and one without   any output   
place is called   sink transition.   Note  that  a source  
transition  is unconditionally enabled,   and  that  
the  firing   of a sink  transition    consumes tokens,   
but  does  not  produce   any result. A pair of a 
place p and a transition t is called a  self-loop if p is 
both an input and output   place of t. A Petri net is 
said to be pure i f it has no self-loops.   A Petri net 
is said to be ordinary   if all of its arc weights   are 
1's. 
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Example 1: The above transition    rule is illustrated    
in Fig. I and F i g .  I I  using t h e  wel l-known     
chemical    reaction:   2H2 + O2 = 2H20. Two 
tokens in each input place in Fig. 1 show that two 
units of H2 and O2 are available, and the transition   
t is enabled.  After firing   t, the marking   will 
change to the one shown   in Fig. II, where   the 
transition     t is no longer enabled. 

 
  

Fig. I The marking before firing the enabled   
transition t. 
 
 

 
Fig. II The marking after firing t, where t is 
disabled. 
 
 
3. FUZZY PETRI NETS  
 
3.1 Formal Definition 
 
A fuzzy Petri net model (FPN) can be used to 
represent a fuzzy rule-based system. A FPN is a 
directed graph containing two types of nodes: places 
and transitions, where circles represent places and 
bars represent transitions. Each place represents an 
antecedent or consequent and may or may not contain 
a token associated with a truth degree between zero 
and one which speaks for the amount of trust in the 
validity of the antecedent or consequent. Each 
transition representing a rule is associated with a 

certainty factor value between zero and one. The 
certainty factor represents the strength of the belief in 
the rule. The relationships from places to transitions 
and vice versa are represented by directed arcs. The 
concept of FPN is derived from Petri nets. A 
generalized FPN structure can be defined as an 8-
tuple:  
FPN = (P, T, D, I, O, µ, α, β), where  
P = {p1, p2, …,pn} is a finite set of places,  
T = {t1, t2, …,tm} is a finite set of transitions,  
D = {dl, d2, …,dn} is a finite set of propositions ,  
P ∩ T ∩ D =∅ , |P |= |D |  
I:P ×T→→{0,1} is the input function, a mapping from 
places to transitions;  
O:T ×P→→{0,1}is the output function, a mapping 
from transitions to places,  
µ: T→→ [0,1] is an association function, a mapping 
from transitions to [0,1] i.e. the certainty factor  
α:P→→ [0,1]  is an association function, a mapping 
from places to [0,1] i.e. the truth degree  
β: P→→D is an association function, a mapping from 
places to propositions.  
 
3.2 Mapping of the Rule Base to FPN  
 
During this mapping procedure, each rule is 
represented as a transition with its corresponding 
certainty factor and each antecedent is modeled by an 
input place and the consequents are modeled by out 
places with corresponding truth degrees. In this 
modeling a transition- here a rule- is enabled to be 
fired if all its input places have a truth degree equal to 
or more than a predefined threshold value. After 
firing the rule, the output places will have a truth 
degree equal to the input place truth degree multiplied 
by the transition certainty factor.  
In order to transform compound rules to FPNs, we 
first apply normalization rules introduced in to 
change any rules to Horn Clauses. A Horn Clause is a 
kind of rule in the following form.  

P1^ P2^ P3 ^…Pi-1->Pi 
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A generalized firing process of a fuzzy petri net is shown below in the figure III. 
 

   
Fig. III: Firing Process 

 
The example below illustrates the mapping concept. 
Example 
There is an antecedent condition that “temperature is hot” 
and its consequent is “humidity is low”.  
Where P = {P1, P2}, T= {t1},  
D={ It is hot , the humidity is low}, T(t1)={P1},O(t1)={P2},  
f (t1 )=0.9, 
(P1) = 0.9, 

 (P2) = 0.81, β (P1) = it is hot,  
β (P2) = the humidity is low .  
The figure below shows the firing of fuzzy petri net. 
 
 

 
 
Fig. IV Fuzzy Petri Net before Firing 
 

 
 

Fig. V Fuzzy Petri Net after Firing 
 
IF….Then rule in this example was expressed as If β1 
THEN β2 (CF), where β1 was antecedent 
qualification, β2 was consequent result, and CF was 
the “Certainty Factor”, a larger CF value indicated a 
higher certainty of the rule. In the above example 
“temperature is hot” with the membership degree of 
0.9 and CF for the truthiness of the result is 0.9, so 

the membership degree of the consequent that 
“humidity is low” was 0.81. 
 
4. Possibility of Errors in Rule Base 
 
A fuzzy rule-base when modeled from a real world 
entity may suffer from the structural errors among 
which incompleteness, inconsistency, circularity and 
redundancy are the most popular. These errors are 
explained in detail in the following section.  
 
Structural errors   
Structural errors from which a rule base may suffer 
are as follows.  

1) Incompleteness  
Incompleteness rules result from missing rules in a 
rule base. An example of incompleteness rules is as 
follows.  
 
R1:     -> P1 
R2: P1^P3->P2 
R3:P1->P4 
R4:P2->. 
 
Rule R1 is representing fact -a source transition in the 
FPN, while rule R4 is representing a query- a sink 
transition in the FPN. Rule R2 is a useless rule 
because the antecedent P3 does not have a matching 
part appearing in the consequents of the rest of the 
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rules, thus P3 is a dangling antecedent. Rule R3 is a 
useless rule because the consequent P4 of R3 does not 
have a matching part appeared in the antecedents of 
the rest of the rules, thus P4 is a dead-end consequent.  
 

2)  Inconsistency  
Inconsistency rules end in conflict and should be 
removed from the rule base. This means a set of rules 
are conflicting if contradictory conclusions can be 
derived under a certain condition. An example of 
inconsistency rules is as follows.  
 
R1:P1^P2->P3 
R2:P3^P4->P5 
R3:P1^P2^P4->~P5 
 
Rule R3 is an inconsistent one because P1 and P2 ends 
in P3 , P3 and P4 ends in P5 , while in R3, P1 and P2 
(the same P3) and P4 ends in ~P5.  
 

3) Circularity  
Circular rules refer to the case that several rules have 
circular dependency. Circularity may end in an 
infinite reasoning loop and must be broken. An 
example of circular rules is as follows.  
 
R1:P1->P2 
R2:P2->P3 
R3:P3->P1 
 

4)  Redundancy  
Redundancy rules are unnecessary rules in a rule 
base. Redundancy rules increase the size of the rule 
based and may cause extra useless deductions.  An 
example of redundancy rules is as follows. 
 
R1:P1^P3->P2 
R2: P1^P3->P2 
R3:P1->P2 
R4:P4->P5 
R5:P4->P5^P6 
 
R1 is the redundant rule of R2. There are two cases of 
the directly subsumed rules. First, rules R1 or R2 is a 
subsumed rule of R3 because R1 or R2   has more 
restrictive condition than R3. Second, rule R4 is a 
subsumed rule of R5 because R4 has less implied 
conclusion than R5.  
 
5. Conclusion 
FPN has more comprehensive application and 
accurate reasoning result in traditional application 

fields such as workflow, automatic fault diagnosis 
and manufacturing system than traditional Petri Net. 
They are specifically very useful for Artificial 
Intelligent Systems for knowledge representations. 
For the past three decades, Fuzzy Petri Nets (FPN) 
and its industrial applications have attracted a large 
amount of research interest.  Today, FPN research 
faces new challenges owing to the large scale system 
and complexity information structure. Thus, there is 
an urgent need to ascertain the current status and 
identify future trends of FPN.  

There are some structural and semantic 
errors associated with rule base while doing 
knowledge representations with fuzzy petri nets. If 
such errors are properly handled then these nets are 
really even more useful tool for many real time 
applications. As a future scope, the threshold values 
for transition enabling in FPN can be adjusted on the 
basis of the results of the fuzzy reasoning.  Also the 
concept of using truth degrees which dedicate a value 
to the tokens inside the places may initiate the idea of 
using colored Petri nets with valued tokens.  
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